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Abstract

The periodically pulsed oscillator (with period T') is shown to share certain
common properties with the g-deformed free particle. The two systems are charac-
terized by a common deformation parameter ¢, and reduce to a usual free particle
as g tends to unity (the boson limit). For the deformed free particle, ¢ is a real
number, whereas for the pulsed oscillator it belongs to S'. The propagator for the
Chebyshev process is also derived from which the propagator for the T-evolution
of the deformed free particle is obtained.

1 Introduction

As is well-known, the damped harmonic oscillator can be seen as a harmonic oscillator
via a scale transformation (see, e.g., [1]). In much the same fashion, the harmonic
oscillator may be conceived as a free particle via the de Alfaro-Fubini-Furlen-Jackiw

transformation [2],
r(t) = R(s) sec(ws) t = tan(ws) (1)

where s is a new time-like parameter. In this paper, we argue in a slightly different
manner that a g-deformed free particle may be viewed as the pulsed harmonic oscillator
in a generalized sense.

By a ¢-deformed free particle (or a ¢-free particle), we mean, as is described in
Section 2, a particle which obeys the g-counterpart of Newton’s force-free equation of
motion,

D2 y(s) =0, (2)

or equivalently the g-difference equation,

g y(g”s) — (¢ +q Hyls) + qylg™>s) =0, (3)
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where s is a time parameter and ¢ is the deformation parameter. The ¢-free particle
becomes the usual Newtonian free particle only when ¢ — 1.

The pulsed harmonic oscillator (p-oscillator) is not identical to the so-called kicked
harmonic oscillator that is a harmonic oscillator subjected to periodic kicks. It is a free
particle subject to the periodic pulses of the Hookes force, details of which are discussed
in Section 3. Right after the mth pulse, that is, when £ — mT, it obeys the difference
equation

z(t+T)— (2 —-w?THz(t) +2(t -T)=0 (4)

where w is a constant and T is the period of pulses.

We observe that the above two difference equations at a fixed time can be reduced to
the recursion relation for the Chebyshev polynomials and that both the ¢-free particle
and the p-oscillator can be characterized by a common deformation parameter g. Section
4 will deal with a generic g-object (a generalized p-oscillator) unifying the two systems
under the condition ¢ + ¢! € R. In Section 5, we derive by path integration the ¢-
dependent propagator for the g-object. In Section 6, the propagators for the two systems
are distinguished by the values of ¢; the former has ¢ € R, while the latter has g € S.
The caustics and the harmonic oscillator limit are also characterized by particular values
of the deformation parameter q.

2 The g-Deformed Free Particle

We begin with a short review of g-deformation (for a more detailed review, see, e.g., [3]).
Let N, a and a' be the linear operators acting on the Fock space F = {|n) : n € N} as

Niny =nln), aln) = /[nlln—1), alln) =/ +1)n+1) (5)

with a|0) = 0. In the above, we have used the symmetrically g-deformed number,
" —q"
[n] = —7—+ (6)
q9—4q
where ¢ is a fixed real or complex parameter. The operators satisfy the commutator,
aat —gata = ¢V, (7)

which has been used for the ¢-deformed harmonic oscillator by Macfarlane [4] and by
Biedenharn [5]. In the limit that ¢ — 1, the [n] tends to the ordinary number n, and the
above linear operators become those for the well-known harmonic oscillator or the boson
operators. If we introduce another set of operators {c, &} by ¢ = ¢"/%a and ¢ = a'q"/?
the commutator (7) can be written as

ct—q’cc = 1. (8)

If ¢* is given as roots of unity, say, ¢ = exp[mi/(s + 1)] (s € N), then the Fock space
becomes finite dimensional (of s + 1 dimensions). In particular, if s = 1, then ¢ = —1,
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and the linear operators ¢ and ¢ behave like fermion operators. The creation operator
a' is the hermitian conjugate of the annihilation operator a if the g-deformed numbers
[n] are all real. The deformed numbers are real if ¢ € R or ¢ € S', that is, if ¢ is real
or given by ¢ = €” with a real number . If a is the hermitian conjugate of a, then €
cannot be the hermitian operator of ¢ unless ¢ is chosen to be a real number.

The g¢-derivative (or the symmetric Jackson derivative) of a function f(s), corre-
sponding to the deformation (7), is defined by

flgs) = flg™'s)
(g—q s

Dy f(s) = (9)

The g-counterpart of Newton’s equation in one dimension is

D? y(s) = F(y) (10)

where F(y) is a force exerted to the system.

What we are referring to as a ¢-deformed free (g-free) particle is the system obeying
the force-free equation (F'(y) = 0); that is, the difference equation (3). The usual free
particle solution,

y(s) =as+c (a, c: constant € R), (11)

is indeed the solution of (3). Insofar as the time parameter s changes translationally
and uniformly, the ¢-free particle is nothing more than the ordinary free particle. Yet,
the ¢-free particle equation (3) differs from the difference equation corresponding to the
usual force-free Newtonian equation,

z(t+T)—2z(t) +2(t—T) =0, (12)

which is a special case of the difference equation for the p-oscillator (4) with w = 0
(where T is no longer the pulsing period but any finite time interval). The solution of
(12), z(t) = at + b, is the same as (11) in form, but not in content unless ¢ tends to
unity. This is because the g-free particle equation (3) reduces to the Newtonian form
(12) only in the limit ¢ — 1.

The difference equation (12) dictates the time-evolution of the particle under the
discrete time-translation t — T — t — t 4+ T, whereas the deformed difference equation
(3) stipulates the progression of the particle under the time-scaling ¢2s — s — ¢%s. In
fact, the time transformation [6]

s=g¥" (13)
with ¢ # 0 relates the time-translation to the time-scaling as
s = Q2EHT/DIT, (14)

and the g-derivative to the ordinary discrete derivative as

ylgs) —ylg™'s) _ T y(@t+T/2)—y(t—-T/2)
(g=¢s  g—q7! T ’

(15)
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or more formally
T
Dsqy(s) = q— q_lAt;Ty(t)- (16)
Therefore the trajectory of a g-free particle evolving with the Newtonian time £ is
given by

y(t) = ag®'T +c. (17)
In the transformation (13), ¢ may be a complex number and the resulting value of s can
be complex as well. However, for a real trajectory of a ¢-free particle, as described by
(17), ¢ must be a real number.
Next we focus our attention on the g-progression of the g-free particle. First, con-
sidering m times of the g-progression from a fixed value sq (e.g., s = 1 corresponding
to t = 0) of s, we substitute s = ¢*™s; into (3) to obtain

g 'y ?s) — (g + ¢ Dy(¢™™s) + qy(¢®™?s) = 0. (18)
Then we let

um(q) = y(q*"s0) /"™ (19)
to rewrite () in the form,

Umi1(q) = (¢ + ¢ tm(g) + um-1(g) =0, (20)
which is the g-progress equation of the deformed free particle. A general solution of this
equation is

Um(q) = bg™ 4+ cg™ (b, ¢ : constant).

Correspondingly,

y(¢°™s0) = ag®™so + c, (21)
where b is chosen to be asy. This solution for the mth progression is of course directly
obtainable from (17) by letting ¢ = t, + mT with sy = e?°/7. More generally, replacing
3o by s, we can write (22) as

y(¢"™s) = ag”™s + c. (22)
It is also evident that the corresponding mth step momentum,
py(¢"™s) = MDyy(q"™s) = Mag™™, (23)

where M is the mass of the particle, satisfies, if divided by ¢™, the same g¢-progress
equation (20).
Noticeably, the ¢g-progress equation (20) is the recursion relation for the Chebyshev
polynomials of type I and type II (see, e.g., [7]) given, respectively, by
sin(m + 1)
T, - U, e Ul 924
[cos ] = cos my [cos ¢ — (24)
when ¢ = e (¢ € R). The solution of (20), satisfying the boundary conditions
um(1) = 0 and u(q) = 1, is indeed the deformed number [m] (which is the Chebyshev
polynomial of type II if ¢ = e=%). We shall refer to an evolution obeying the recursion
relation (20) as a Chebyshev process.



3 The Pulsed Oscillator

The pulsed oscillator (p-oscillator) is a free particle which undergoes periodic pulses of
Hooke’s force F(t) = —Muw?z6(t/T — m) where Mw? is Hooke’s constant, T is the
period of pulses and m € Z. The Lagrangian is given by

1 1
L= 5M:'c2 -3 5MaﬂT:c?(S(t —tm) (25)

where t,,, = mT. Hooke’s force is exerted not continuously but periodically and instan-
taneously at £ = t,,. During the period between two consecutive pulses, the system is a
free particle.

The action integral for a time interval 7 = ¢ —¢” is

St”tl —
t,¢)= [,

t” 1
BM:# - 5MaPT:c? > 6t — tm)] dt. (26)

The action integral for a short time interval 7; =¢; — t;_, < T = ¢,,, — t,,,_1 may be
chosen as

t 1
S = [0 [GME — {MPTR (0~ 1) + 60 - 1)} d, (27)
ti—1 2 4
: M 2 1 2 2 . 2 .
= o (g —2j0)" = T MWT {zy, 6(m, j) + &y 6(m = 1, j)

J

where 2, = z(t;) and
(S(k,j) =1 if i1 < kT < t;
=0  otherwise.

Naturally the action evaluated along the classical path from ¢t =14, +etot =14, — ¢
(0 < e < T') without involving pulses yields that of the free particle:

M 2

SO(tmytm—l) = 11_1)% S(tm + €, tm—l — 6) = ﬁ(xm — IEm_l) . (28)

The action over one period, involving pulses, becomes

M
oT

1
S(tmy tm—1) = 11_1)1% St + €, tm—1 — €) (T — Tm1)? — ZM2T($$” +22 ). (29)
This is symmetric with respect to z,, and z,,_;. Although we can construct nonsym-
metric one-period actions, we employ the symmetrized action (29) for convenience.

Calculating the canonical momenta from the symmetrized action (29) by

Pm = 0S5)01, =M/T)(Zp— Tm_1)— (Mw?T/2)z,
Pmo1 = —05/0xy_ 1 = (M/T)(Zp — Tr—1) + (MwW?T/2)T



we find the area-preserving linear map in phase space:

T = Tm—1 + (T/2M)(1 — iw2T2)_1 (P + Pm—1)

(30)
Pm = Pm—1 — (Mw?/2)T (2, + Ty—1)

The evolution of the classical trajectory in phase space obeying the linear map (30)
is not chaotic, and may not particularly be interesting for the study of the relation
between chaos and quantum recurrences [8]. Nonetheless, it is interesting that both z,,
and p,, in (30) obey the well-known recursion relation for the Chebyshev polynomials,

Um+1(2) — 22 um(2) + um-1(2) =0, (31)

when the following identification is made;
L oo
z=1-— 5% T=. (32)

With z = cos ¢, the solutions of the recursion relation (31) are given in terms of the
Chebyshev polynomials of (24). If 0 < w?T? < 4, then ¢ € R. Hence the classical
discrete solutions for z(t) and p(t) oscillate sinusoidally, which are indeed physical solu-
tions for the proper p-oscillator. If w?7T? < 0 or 4 < w?T?, then ¢ has to be complex; so
the solutions of (31) are not oscillatory and do not physically represent the p-oscillator.
Nevertheless we may handle the physically proper solutions and the physically improper
solutions together as solutions of the p-oscillator in a generalized sense.

It should be noted that although the area-preserving linear maps obtainable from the
nonsymmetric one-period actions differ in form from (30) each of z,, and p,, resulting
from the nonsymmetric actions also satisfies the same recursion relation (31).

4 ¢-Objects

It is remarkable that the recursion relation for the p-oscillator (31) coincides with the ¢-
progress equation (20) for the g-free particle if ¢ = e=%. Apparently the time-evolution
of both systems is basically the Chebyshev process. While the g-difference equation
for the g¢-free particle takes the Newtonian form in the limit ¢ — 1, the p-oscillator
approaches the free particle in the limit e=% — 1 (w — 0). Therefore, by relating g to
¢ by ¢ = %, we should be able to treat both the g-free particle and the p-oscillator
in a unified manner. In other words, we may consider the two systems as special cases
of a generic g-object with g = e™%.

The generic g-object may be defined with a non-zero complex valued q. However, we
restrict ourselves to the case where z = cos ¢ = (¢+¢')/2 is real. Under this condition,
g € Ror g € St. In fact, such a g-object is equivalent to the generalized p-oscillator
possessing the proper and improper solutions. Therefore, it is convenient to utilize the
oscillator’s frequency w as a parameter even for the ¢ object. We then put solutions of



the g-object into three classes as follows:

(i) 0<w?T?<4; ¢=cos}(1—w?T?/2) € R; ge St
(i) w?T? < 0; i = cosh™'(1 + |w|*T?/2) € R; ge Rt
(i) 4 < w?T% ip=1im+cosh ' (wT?/2-1)€R; ¢€R”

Evidently, case (i) corresponds to the proper p-oscillator. As has been mentioned ear-
lier, for the real trajectory (17) of the ¢-free particle, ¢ must be real. However, for a
continuous evolution with the Newtonian time ¢, y(t) can be real only when g is positive.
Hence, case (ii) should correspond to the (proper) evolution of the g-free particle. As
each discrete translation of time by T causes the scaling of s by ¢?, y,, remains to be
real even if ¢ is a negative real number provided s is real. For a continuous evolution
with a negative ¢, y(t) takes complex values in general. Thus, the discrete evolution of
the hopping ¢-free particle belongs to case (iii). In this manner, the g-free particle may
be viewed as a form of the improper p-oscillator.

5 The Propagator for the Chebyshev Process

In what follows we calculate the propagator for the p-oscillator, and see how it depends
on the deformation parameter q. Then we interpret it more generally as the propagator
(in the T-evolution) for the generic g-object obeying the Chebyshev process.

The propagator for the system with the Lagarangian (25) can be calculated from
Feynman’s path integral,

"ot . o' =x(tn) N M 2N
K(z",2';7) = lim Hexp [h ] II II dz;, (33)
j=1 j=1

N—o0 z'=xz(to) 27T’LTL’7'j

where 7 =ty — g is a fixed total time 1nterval. The propagator is to have the following
properties:

K", t"; 2,1 /K (2", 8"z, t) K(z,t;2', 1) dz(2), (34)
lim K(z",t";4',¢') = 6(z" — ). (35)
o

To calculate the one-period propagator, we first put it by making use of the property
(34) in the form

K(Tm, Tm-1;T) = (36)
lim [ K(z" ¢y + € T2, tm — €)
e—0
XK (o, tm — €1, tm—1 + €) K(T1,tm-1 + €2, tm1 — €) dzadzy,

where 2" = z(t,, +€),29 = z(tm —€),21 = (tm_1 +€) and 2’ = z(t,,_1 — €). Then
we use the symmetric action (28) to find the three propagators in the integrand and
complete the integral on the right hand side of (37). Namely, we have

%So(tm — € tm—l + 6) ’ (37)

M 1/2
11_1)% K(za,tm — €21, b1 +€) = 11_1)% [27r7th] exp [
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. " . _
11_1)1% K(z",ty + € 2o, ty, — €) (38)

= li [ M 1 [iS(t +€,t )] [iM 2To?
= &6 [2minT CXP | 7y 20lbm T € bm = €) | OXP |7y MW L
T _ b9 o
= lim O(xm — 2) €xp [ 4th Tz, ,
and
li_{% Kz, tm1 + 61 tym_1 —¢€) (39)

, M 72 0 Lo o 2

= 11_1)1% [27rihT exp [ﬁSo(tm_l +etm1 — e)] exp [—EMw Tz, |
. i

= lim d(z1 — Typ—1) €xp [—EMCLPT:E?”_I :

In the above, we have used the relation,

i 1/2 o—(a/e)(z—a")
ll_rg[a/e] e

2

=§(z — 2').

Substituting these results into (37), we get

Ko tnriT) = [ ] exp [L S0t t)] exp [~ T, + 22, )]
Ty Tm—1; - omibT €xp 5 0\m> bm—1 p ) w L L—1)] >
(40)
or 12
M 1 =
K(zmytm-1;T) = [2m’hT] exp [ﬁS(tm,tm_l)] , (41)

where Sy(tm,tm—1) in (42) and S(t,,, tn_1) in (refKm2) are the free particle action (28)
and the symmetric one-period action (29), respectively.

The propagator (37) evaluated from ¢,_; + € to ¢, — € is in fact the free particle
propagator:

M 1Y/? i M Y2 iM
free . — e — i _ 2
KT @m, om1; T) [2m’hT] P [hs‘)(t’”’ t’”‘l)] [2m’hT] P [2hT (@m = 2m-1)"]

The state function ¢(z,,) at the mth pulse is to be determined from the state 1 (2m_1)
at the (m — 1)th pulse by

oo

PY(Tm) = / K(Zm, Tm—1;T) Y(Tm-1) dTm—1, (43)

—0oo
and the propagator for a double period 27" can be found by convolution,

K(Tmi1, Tm-1;2T) = /K(wm+1,xm;T)K(:vm,:vm_l;T) Az, (44)

In finding the two-period propagator via (44), we utilize the idea of harmonic analysis
to expand the one-period propagator in a series of the orthogonal polynomials and to
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carry out the convolution with the aid of the orthogonality property of the polynomials.
For this purpose, it is convenient to rewrite the symmetric one-period action (29) as

Q _ M 1 22 2 2 M
S(ZTm, Tm—1) = 9T (1 — 5 T ) (xm + IEm_l) — ?(xmxm_l). (45)
If we let
cosp=1—w?T?/2, or sin(p/2) =wT/2 (46)
and

E=oax with «a=4/(M/hT)sing, (47)

the one-period action (45) may be expressed as

1
S(xrm xm—l) = ihCOt 4 (E?n + Efn—l) — hiesc &bt (48)
At this point, we relate ¢ to the deformation parameter ¢ by
¢ =1tlng (49)

as has been mentioned at the end of the previous section. Then we may express the
one-period propagator for the action (48) as

K(@m, Tm-—1;T) = [27%7"]1/2

exp [~ 5(€4,+ £2.) (50)

26mém—19 — (& + &) E
1 — g2 '

xexp[

Now we use Mehler’s formula for the Hermite polynomials H,,(x) (see, e.g., [9]),

_ 2zyq — (2* +¥°)*] _ & ¢"Hy(z) Hy(y)
o oN—1/2 —
(1) ey [P 5 CALE), 61)
to put the propagator (51) in the series form,
a)'/? L 2 — 1 (k+1)
K(omtmT) = 2| e |5 (6 + 60| X 5ia™ D HEm) Bl ). (52)

k=0

Substituting this into the integrand of (44) and performing the integration with the help
of the orthogonality relation for the Hermite polynomials,

/_ e~6 Hy (&) Hyy (€) d€ = 26kI/mby o, (53)
we arrive at the double period propagator,

a)'/? 1 .o 2 — 1 2(k+1)
K($m+17$m—1; 2T) = [;] €xXp [—5( ma1 T fm_1)] Z 2k—k!q 2 Hk(§m+1)Hk(§m—1)-

=0 (54)



Similarly, the n-period propagator with m = 1 is given by

oo

—€+8)| Y s E P E &) (69
k=0 '

K(zy,z9;nT) =

all/2
—] exp
T

This can be easily proven by induction with the help of the convolution formula (44)
and the orthogonality relation (53). Now it is important to note that the n-period
propagator is characterized by the nth power of the deformation parameter gq.

Again, using the expansion formula (51) and noticing that o = [M sin p/AT]"/? =
[2M (q — q71)/ihT], we put the series solution (55) back to a closed form expression:

Mg—g") 1"
2mihT (g™ — ¢™)

iM(g—q")
AnT(q" — ™)

K (5, 50;0T) = [ (56)

<o | (@ + )" + 07— el

If we wish to start counting pulses n times after the mth pulse, we should replace
zo by ., and z,, by %1, in (55). The corresponding n-period propagator is

. _ M(g—-qg 17
Klmim Zmin®) = l%iﬁT(Q" —q ") (57)
iMg—q7") ,, o
X exp [4hT(q" — q—n) {(xm-l-n + IEm)(q +4q ) 4xm+n$m} )

The ¢™ dependence of the n-period propagator remains the same under the shift of the
initial position.

The n-period propagator (57) or (58) is the ¢- representation of the propagator for
the p-oscillator (or more generally for the g-object). With ¢ = e~%, we can express the
propagator (57) in the p-dependent form:

K(zp,zo;nT)

M 1/2

: (58)
2mihT U, _1[cos ¢]

M

2hTU,,_1[cos ¢]

exp [ {(z2 + z5)Ty[cos o] — 2zn70} |,

where T;,[cos ] and Uy[cos @] are the Chebyshev polynomials given in (24).
For the proper p-oscillator, ¢ has to be real as is in case (i). However, extending

the propagator (57) or (59) by analytic continuation under the condition ¢ + ¢! € R
to include cases (ii) and (iii), we interpret it as the propagator for the g-object.

6 Special Cases

Now we wish to analyze the propagator for the g-object for special cases.
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Pulsed Harmonic Oscillator

The n-period propagator for the proper p-oscillator follows immediately from the
@-dependent propagator (59); namely,

u 1/2
K(2n,z0;nT) = {27rihTUn_1[c0Sg0(T)]} (59)

X exp {QhTUn_ZIJ[\fOS 8 {(z2 + z3)Ty[cos p(T)] — 2;5”:50}} :

or in terms of the sinusoidal functions,

L = Msinfe(m)] 1"
K(2n, zo;nT) = {2m’hT sin[mO(T)]}

iM sin[p(T)]
X P {2hT sin[ng(T)]

(60)

{(z2 + z3) cos[np(T)] — 2:5”:50}} :
In this case, the angle ¢ must inevitably be related to the period T by ¢(T) =
cos™!(1 — w?T?/2) under the condition 0 < w?T? < 4. The corresponding deforma-

tion parameter is ¢ = 7% = exp[—i(1 — w?T?/2)] € R.

Caustics of the Pulsed Oscillator

It is evident that the zeros of U,_;(cos ¢) in the pre-factor lead the propagator (59)
to divergence. The zeros occur only when ny = kn (k= 0,+1,£2,...); that is, only for
the real p-oscillator with frequency w meeting the restriction 0 < w?T? < 4. In other
words, ¢" = e %™ with k € Z corresponds to the caustics of the propagator for the
proper p-oscillator (60).

The Harmonic Oscillator Limit

In the limit of the zero period (I' — 0), the pulsed action of Hooke’s force on
the system becomes a continuous influence of the harmonic oscillator potential on the
particle. Thus, the propagator of the standard harmonic oscillator should result from
the n-period propagator (57) by the limiting process: T'— 0 and n — oo such that the
total time interval nT = 7 remains constant. In this limit,

@ =sin"wT(1 — W?T?/4)V? = WT.
Hence ¢ — e 7 — 1 but ¢ — e ™7 # 1. Consequently, the n-period propaga-
tor for the p-oscillator (61) approaches the standard result for the harmonic oscillator
propagator:

K" o';7) =

7

{(z"* + 2'*) cos(wT) — 22'2"}| .  (61)

Muw l iMw

2mih sin(wT) P o sin(wT)
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where " =z, ' = 2y and 7 = nT. Apparently the caustics of the p-oscillator remain
to be those of the harmonic oscillator.

g-Free Particle:

To extract the n-period propagator for the T-evolution of the ¢-free particle from
(57), we first remind ourselves that the coordinate variable y,, of the g-free particle is
related to the variable z,, satisfying the Chebyshev recursion relation (20) by z,, =
g~ ™Ym. Thus, converting z,, into y,,, we obtain

o 1/2
K(ym-l-n; Ym; TLT) = { 271_7];\;;—?((]” q_ q)_") } (62)

iM(g—aq7") [ _on o 2 - -
n n Y _ Aqg™ i Ym
x eXp{4hT(qn_q_n){(q Ymin T Yn) (@ +07") = 40 " YminYm}

with ¢ € R. Here y,,, = y(¢¥™s,) with the initial value of the time parameter sy = g%/,

There are two types of g-free particles under consideration, that is, those for g €
R™ and for ¢ € R~. The former has real trajectories, while the latter has complex
trajectories but retains real values at £ = n7". Since we are dealing with time-evolution
by t = nT (which corresponds to g-progression by ¢?*, the propagator (63) is valid for
both types.

For the g-free particle of the first type (w?T? < 0), we let ¢ = e € RT with
x = cosh™'(1 + |w|?T?/2) € R, so that (63) takes the form,

u 1/2
K m-+n> Ym: T = .
(Y4, Ymi T {2th Uy _1[cosh x] } (63)
X exp M {(e®2 ..+ y2)Tn[cosh X] — 2€Xym sn¥m}
2T U,,_[cosh ] mn L dm ’

For the g-free particle of the second type (4 < w?T?), we let ¢ = —e ™ € R~ with
x = cosh ' (w?T? — 1) € R. Then we have

i(=1)"M 12
K nT) =
(Ym+n, Ymi nT) {27rhTUn_1[coshx]} (64)

Z. 2x,,2 2
% - X Tp[cosh x] — 2eX

Newtonian Free Particle:

As the deformation parameter ¢ tends to unity (or w — 0), the deformed number
[n] = (¢" — ¢™)/(q¢ — q~') approaches n. Hence the propagators (57) and (63) both
reduce to the standard free propagator:
M 12 iM )
27rz'hnT] *P {2hnT (w0 = 20) } ' (65)

K (tn,20;0T) = |

This is an expected result.
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7 Conclusion

We have observed the similarity between the deformed free particle and the pulsed
harmonic oscillator via their recursion relation. By using this interesting nature, we
have treated the two systems as special cases of a single ¢-deformed system (g-object)
and evaluated the propagator for the Chebyshev process. From this unified treatment,
we have been able to derive the n-period propagator for the T-evolution of the g-free
particle as well as that of the p-oscillator. The boson limit ¢ = 1 gives the ordinary free
particle propagator. While ¢ € R for the g-free particle, g € S* for the p-oscillator.
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